In this paper, we study the kth upper bases of primitive non-powerful signed digraphs. A bound on the kth upper bases of all primitive non-powerful signed digraphs is obtained, and the equality case of the bound is characterized. We also show that there exists "gap" in the kth upper base set of primitive non-powerful signed digraphs.
Introduction
A sign pattern (matrix) A is a matrix whose entries are from the set {1, −1, 0}. In the computations of the powers of a square sign pattern, an ambiguous sign may arise when a positive sign is added to a negative sign. So a new symbol # was introduced in [2] to denote such an ambiguous sign. Γ = {0, 1, −1, #} is called the generalized sign set and addition and multiplication involving the symbol # are defined as follows: Following [2] , we call a matrix with entries from the set Γ a generalized sign pattern (matrix).
For a sign pattern A, we use |A| to denote the (0, 1)-matrix obtained from A by replacing each nonzero entry by 1. Clearly |A| completely determines the zero pattern of A. A square nonnegative matrix A is primitive if some power A k > 0 (that is, A k is entrywise positive). The least such k is called the primitive exponent of A, denoted by exp(A). A square sign pattern A is called primitive if |A| is primitive, and in this case we define exp(A) = exp(|A|).
A signed digraph S is a digraph where each arc is assigned a sign 1 or −1. A walk W in a digraph is a sequence of arcs, e 1 , e 2 , . . . , e k , such that the terminal vertex of e i is the same as the initial vertex of e i+1 for i = 1, . . . , k − 1. The number k of arcs is called the length of the walk W , denoted by l(W ). The sign of the walk W is defined to be k i=1 sgn(e i ), denoted by sgnW . Two walks W 1 and W 2 in a signed digraph are called a pair of SSSD walks, if they have the same initial vertex, same terminal vertex, same length, but different signs.
Let A be a sign pattern of order n and A, A 2 , A 3 , . . . be the sequence of powers of A. Since there are only 4 n 2 different generalized sign patterns of order n, there exist repetitions in the above sequence. Let l be the least positive integer such that A l = A l+p for some p. Then l is called the generalized base (or simply base) of A, denoted by l(A). A square sign pattern A is called powerful if each power of A contains no # entry.
Let A = (a ij ) be a sign pattern of order n. The associated digraph D(A) of A is defined to be the digraph with vertex set V = {1, 2, . . . , n} and arc set E = {(i, j)|a ij = 0}. The associated signed digraph S(A) of A is obtained from D(A) by assigning the sign of each a ij to the arc (i, j) in D(A). Conversely, if S is a signed digraph, the sign pattern A of S can be defined similarly. We say that S is primitive if A is primitive, and S is powerful if A is powerful. By [7] , S is powerful if and only if S contains no pairs of SSSD walks. Also we define l(S) = l(A).
Let S be a primitive non-powerful signed digraph of order n and k be an integer with 1 ≤ k ≤ n. For a subset X ⊆ V (S) with |X| = k, we define the base of X, denoted by l S (X), to be the least integer p such that for each vertex v ∈ V (S) there exists a pair of SSSD walks of length p from some vertex in X to v. The kth upper base of S is defined to be
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Preliminaries
Similarly the closed walks p 2 C 1 and p 1 C 2 have the same length p 1 p 2 but with different signs.
Let a 1 , . . . , a k be positive integers with gcd(a 1 , . . . , a k ) = 1. Define the Frobenius set as follows:
It is well-known that S(a 1 , . . . , a k ) contains all sufficiently large positive integers. The Frobenius number φ(a 1 , . . . , a k ) is the least integer φ such that m ∈ S(a 1 , . . . , a k ) for all integers m ≥ φ. In particular, if k = 2, it is known that φ(a 1 , a 2 ) = (a 1 − 1)(a 2 − 1).
Definition 2.2 ([1])
Let D be a primitive digraph of order n and k be an integer with 1 ≤ k ≤ n. For a subset X ⊆ V (D) with |X| = k, we define the exponent of X, denoted by exp D (X), to be the smallest integer p such that for each vertex v in V (D) there exists a walk of length p from some vertex in X to v.
Definition 2.3 ([1])
Let D be a primitive digraph of order n and 1 ≤ k ≤ n. In the literature, many people defined F (D, n) = 1 to emphasize that F (D, n) must be a positive integer. Here we define F (D, n) = 0 since, for each vertex u, there is a degenerated path of length 0 from u to itself. The main purpose of this adjusted definition is to include the trivial case k = n into the following three lemmas which were originally stated for 1 ≤ k ≤ n − 1. Our results in Section 3 are for all k, 1 ≤ k ≤ n. 
Main Results
Lemma 3.1 Let 1 ≤ k ≤ n and D 1 be the primitive digraph defined in Fig. 2.1 . Let X be a subset of V (D 1 ) with |X| = k. Then, for any integer l ≥ (n − k)(n − 1) and any vertex i with 1 ≤ i ≤ n − 1, there exists a walk of length l from some x 0 ∈ X to i in D 1 .
Proof Let X ⊆ V (S) with |X| = k and y be any vertex of S. Let P be a shortest path in S from v to y. 
Proof By Lemma 3.2, we may suppose V 1 = φ. Let X ⊆ V (S) with |X| = k and y be any vertex of S. Then there is some vertex v ∈ V 1 such that the shortest path P from v to y has length at most n − |V 1 |. By Definitions 2.2 and 2.3, there exists a walk Q of length F (D, k) from some x 0 ∈ X to v. Let W 1 and W 2 be a pair of SSSD walks of length r from v to v. Then Q + W 1 + P and Q + W 2 + P form a pair of SSSD walks of length
Theorem 3.4 Let S 1 be a primitive non-powerful signed digraph of order n with D 1 (Fig. 2.1 
) as its underlying digraph. Then for
Proof First we show that there is a pair of SSSD walks of length (n − 1) 2 + 1 from vertex n − 1 to 1. Let Q 1 and Q 2 be the paths of lengths 1 and 2 from the vertex n − 1 to vertex 1, respectively. Let C n and C n−1 be the cycles of lengths n and n − 1, respectively. Take W 1 = Q 1 + (n − 1)C n−1 , and W 2 = Q 2 + (n − 2)C n . Let P 1 be the unique path from vertex 1 to n − 1. Then W 1 + P 1 = nC n−1 , and W 2 + P 1 = (n − 1)C n . Because S 1 is primitive non-powerful and S 1 has only two cycles of lengths n and n − 1 respectively, by Lemma 2.1, sgn(nC n−1 ) = −sgn((n − 1)C n ). Thus sgn(W 1 ) = −sgn(W 2 ) and W 1 and W 2 form a pair of SSSD walks of length (n − 1) 2 + 1. Let X ⊆ V (S 1 ) with |X| = k and y be any vertex of S 1 . Let P 2 be the shortest path from 1 to y. Then l(P 2 ) ≤ n − 1. Denote q = (n − k)(n − 1) + n − 1 − l(P 2 ). Then q ≥ (n − k)(n − 1). By Lemma 3.1, there exists a walk Q of length q from some x 0 ∈ X to n − 1. Therefore Q + W 1 + P 2 and Q + W 2 + P 2 form a pair of SSSD walks of length (2n − k)(n − 1) + 1 from
On the other hand, let X 0 = {n, n − 1, . . . , n − k + 1} such that |X 0 | = k. We will show that there is no pair of SSSD walks of length (2n − k)(n − 1) from any vertex of X 0 to n. Suppose W 1 and W 2 are two walks of length (2n − k)(n − 1) from the vertex n − m to n, where 0 ≤ m ≤ k − 1. Then each W i is a union of the unique path P from n − m to n of length m and a number of cycles of lengths n − 1 and n. Thus there exist nonnegative integers a i , b i (i = 1, 2) with a 2 ≥ a 1 such that
This implies that φ(n − 1, n) − 1 = (n − 1)(n − 2) − 1 = (a 2 + m − n)n + (b 2 + k − m − 1)(n − 1). Also we have (a 2 − a 1 )n = (b 1 − b 2 )(n − 1) and thus (n − 1)|(a 2 − a 1 ). If a 2 = a 1 , then a 2 + m − n ≥ a 1 + n − 1 + m − n = a 1 + m − 1 ≥ 0, where the last inequality holds since a 1 ≥ 1 (that is, W 1 contains at least one cycle of length n) if m = 0. Recall that m ≤ k − 1. Then b 2 + k − m − 1 ≥ 0, which contradicts that φ(n − 1, n) − 1 can not be expressed as a non-negative integral linear combination of n − 1, n. So a 1 = a 2 and thus sgn(W 1 ) = sgn(W 2 ). This shows that there is no pair of SSSD walks of length (2n − k)(n − 1) from vertex n − m to n in S 1 for m = 0, 1, . . . , k − 1. So L(S 1 , k) ≥ (2n − k)(n − 1) + 1, from which Theorem 3.4 follows. 2 Theorem 3.5 Let S 2 be a primitive non-powerful signed digraph of order n with D 2 (Fig. 2.2) as its underlying digraph.
(
1) If the (only) two cycles of length
(2) If the (only) two cycles of length n − 1 of S 2 have the same sign, then for
Proof (1) The (only) two cycles of length n − 1 of S 2 have different signs. Let Q 1 = (n − 1, 1) + (1, 2) and Q 2 = (n − 1, n) + (n, 2) be the two paths of length 2 from the vertex n − 1 to the vertex 2. Then sgnQ 1 = −sgnQ 2 . By Lemmas 3.2 and 2.6,
(2) The two cycles of length n − 1 in S 2 have the same sign. Then each cycle of length n − 1 and the unique cycle of length n form a distinguished cycle pair. By Lemma 2.1, there is a pair of SSSD walks of length n(n − 1) from each
On the other hand, let X 0 = {1, n, n − 1, . . . , n − k + 2} such that |X 0 | = k. (If k = 1, then X 0 = {1}.) We will show that there is no pair of SSSD walks of length (2n − k)(n − 1) − 1 from any vertex of X 0 to n. Suppose W 1 and W 2 are two walks of length (2n − k)(n − 1) − 1 from vertex n − m to n, where either m = n − 1 or 0 ≤ m ≤ k − 2. Then each W i is a union of the unique path P of length m from n − m to n and a number of cycles of lengths n − 1 and n. Thus there exist nonnegative integers a i , b i (i = 1, 2) with
This implies that
Also we have (a 2 − a 1 )n = (b 1 − b 2 )(n − 1) and thus n|(
This contradicts that φ(n − 1, n) − 1 can not be expressed as a non-negative integral linear combination of n − 1, n. So b 1 = b 2 and thus sgn(W 1 ) = sgn(W 2 ). This shows that there is no pair of SSSD walks of (Fig. 2.1,2 
.2). Then for
Proof Let C s be a shortest cycle of length s in S. Then s ≤ n − 2 since D is not isomorphic to
Because S is primitive non-powerful, by Lemma 2.1, there is a distinguished cycle pair C 1 and C 2 (of lengths, say, p 1 and p 2 respectively) in S. Then p 1 C 2 and p 2 C 1 have different signs. We may assume
Case 2. p 1 = n and p 2 = n − 1. Subcase 2.1. s is odd. Then either C 1 and C s (when n is even) or C 2 and C s (when n is odd) also form a distinguished cycle pair. By Case 1, L(S, k) ≤ (2n − k)(n − 1) − 3.
Subcase 2.2. s is even and sgnC s = −1. Then either C 1 and C s (when n is odd) or C 2 and C s (when n is even) also form a distinguished cycle pair. By Case 1, L(S, k) ≤ (2n−k)(n−1)−3.
Subcase 2.3. s is even and sgnC s = 1. Then
. Then (n − s − 1)C 1 + C s and (n − s)C 2 form a pair of SSSD walks of length (n − s)(n − 1) from j to j. By Lemma 3. (4) For each integer t with (2n − k)(n − 1) − 3 < t < (2n − k)(n − 1), there is no primitive non-powerful signed digraph S of order n with L(S, k) = t.
